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A  NEW  PARALLEL  ADD 


Cun-Quan  Zhang* 
Department  of  Mathematics 
West  Virginia  University 
Morgantown 

West  Virginia  26506  USA 


ABSTRACT 

A  new  parallel  add  is  introduced  in  this  paper  which 
consists  of  (2m-l) (m+3)+l  3-input  modules  and  costs  m+1 
time  units  when  processing  a  sum  of  two  binary  numbers 
of  length  at  most  2m. 


*.  This  research  was  partially  supported  by  AFOSR  under  the  grant  89-0068 


The  adds  are  basic  parts  of  computers.  Many  different 
models  of  adds  have  been  introduced.  Some  needs  fewer 
modules  and  is  more  time  consuming  in  processing,  while  some 
needs  more  modules  and  runs  faster.  Two  typical  models  of 
adds  are  series  and  parallel  adds  (see  [1],  pp259) .  When 
processing  the  sum  of  two  binary  numbers  with  2m  bits,  the 
circuits  of  the  series  add  consists  of  2m  3-input -modules  and 
costs  2m  time  units  in  processing.  The  parallel  adds  can 
save  time  in  processing  which  costs  only  m+1  time  units.  But 

it  consists  of  “-(3ra)  3-input  modules.  In  this  paper,  a  new 

model  of  parallel  add  is  introduced  which  needs  (2m-l) (m+3) +1 
3-input  modules  and  cost  m+1  time  units  in  processing  a  sum 
of  two  binary  numbers  with  2m  bits.  It  is  obvious  that  (2m- 

1)  (m+3) +1  <  |(3m)  . 

Let  the  binary  inputs  be  x=xnxn_i .  .  .  xi  and  y=ynyn-i  •  • • yi 
and  let  n=2m.  For  the  sake  of  conviniece,  a  sequence  of  i- 
th,  (i  +  1)  -th,  .  .  . ,  j-th  bits  of  x  is  denoted  by  X{ j, . . . ,i}  . 

§  1.  Primary  modules  of  add. 

The  new  add  consists  of  two  primary  modules,  primary  add 
module  and  primary  selector . 

The  primary  add  has  three  inputs  x,  y,  z  and  two  outputs 
s,  c  which  is  represented  in  the  diagram  by 


fig.  1 

The  function  of  the  primary  add  is  x+y+z=>cs  (cs  is  a  binary 
number  with  the  first  bit  s  and  the  second  bit  c)  where  x  ,  y 
and  z  are  input  adders  and  s  is  the  first  bit  of  the  sum  and 
c  is  the  carrier  (the  second  bit  of  the  sum) .  The  table  of 
the  output  cs  of  the  primary  add  is, 
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input 

by 


when  z=0 
_ x=Q _ 

X=1 

when 

Z=1 

x=0 

X=1 

y=0 

00 

01 

y=0 

01 

10 

y=l 

01 

10 

y=i 

Table  1 
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11 

The 

primary 

selector 

has  two  input  io. 

il/ 

one  select 

cn 

and  one 

Output  Ojj, 

which  is 

represented 

in  the  diagram 

fig.  2 


The  function  of  the  primary  selector 


on 


if  cn»o 
if  cn«i 


is 


§  2.  The  first  level  of  an  add 

The  first  level  of  an  add  is  denoted  by  Add(l)  and 
consists  of  two  primary  adds  and  two  primary  selectors.  The 
inputs  of  Add(l)  are  xi  and  yi  which  are  the  i-th  bits  of  the 
input  adders.  It  has  two  pairs  of  outputs  {cp,,i,s^,i}  for 
H»0  or  1,  each  of  which  is  with  the  assumption  that  the 
previous  carrier  (at  (i-l)-th  position)  is  H  (for  or  1), 
where  cjx,  j.sn,  i=xi+yi+n,  c^, i  is  the  carrier  and  s^,  i  is  the  sum 
at  i-th  position.  The  strocture  of  Add(l)  is  illustrated  as 
the  follows. 
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Add(m)  is  a  device  which  has- the  ability  of  processing 
the  sum  of  two  binary  numbers  of  length  at  most  2m_1  with 
assumptions  that  the  previous  carriers  is  1  or  0 . 

The  m-th  level  of  add  is  denoted  by  Add(m)  and  is 
represented  in  diagram  by 


S  . 

(Ui+2 P-l . i+1} 


fig.  5 

where  x{i+2m-l, . . . , i+1 }  and  y{i+2m-l ,  .  .  . ,  i+1 }  are  the 
sequences  of  the  (i+1) -th, . . . f (i+2ra_1)  -th  bits  of  the  inputs 
x  and  y,  and  c^.,  {i+2m-lr  •  •  •  ,  i+l )  ,  (i+2m-l,  .  .  . ,  i+1 }  are  the 

carrier  and  the  sum  of  X{i+2m-l,  . . . ,  i+1}  and  y{i+2m-l, . . . , i+1 } 
with  the  assumption  that  the  i-th  carrier  is  (n«l  or  0)  . 
That  is, 

{ i+2m-i ,  •  •  • ,  i  +  1 }  { i+2^”i ,  •  .  .  ,  x  + 1 } 

*  X{i+2m-l,  .  .  . ,  i+l}+y{i+2m-l,  .  .  . ,  i+l}+n, 
where  c^.,  {i+2m-l,  .  .  . ,  i+1 }  is  a  single  bit  and  s^f(i+2m- 
l,...,i+l}  is  a  sequence  of  2m_1  bits. 

The  strocture  of  the  second  level  of  an  add  is 
illustrated  as  the  follows. 
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fig.  6 

Where  the  output  s^i+is^, i  (which  will  be  denoted  by 
S4,  (i+i,i})f  is  the  sum  of  X{i+i,i}  and  y(i+i,i}  at  i-th  and 
(i+l)-th  positions,  and  c^,  { i+i , i >  is  the  carrier  at  the  (i+1)- 
th  position  with  the  assumption  that  the  previous  carrier 
from  the  (i-l)-th  position  is  y.  (y-1  or  0). 
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For  the  sake  of  convenience,  we  simply  draw  a  bunch  of 
parallel  wires  in  diagram 


XX  •••  X  X 

j  j-1  i+1  I 


by  a  bold  line 


fig.  7 


XX  •••  X  X 

j  j-1  i+1  I 


fig.  8 

Thus  the  diagram  of  an  Add (2)  can  be  drawn  as  the  follows. 
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X 


(i+l.i) 


fig.  6* 

The  (m+l)-th  level  of  an  add,  Add(m+1),  is  constructed 
recurcively  as  follows. 


1 


2 


f  ig .  9 

The  wires  in  fig.  9  are  described  in  the  following  table. 

No.  of  the  wire _ Description _ 

1  •  X{i.  +  2m,  .  .  . ,  i  +  1 }  / 

2-  y { i+2m, . . . , i+l } r 
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3  . 

X{i  +  2m,  .  .  .,i  +  2m-l-'i}. 

4  . 

y { i+2m, . . . , i+2m~l+l } t 

5  . 

X{ i+2m"l,  .  .  . , i+1 } t 

6. 

y{i+2m-l,  .  .  . , i  +  i} , 

7  . 

CO, { i+2m, . . . , i+2m-l  +  l } , 

8  . 

ci, { i+2m, . . . , i+2m"l+l } , 

9. 

SO, { i+2m,  . . . , i+2m"l+l } , 

10. 

SI, { i+2m,  . . . , i+2m_l  +  l } , 

11 . 

CO, {i+2m-l, . . . ,i+l}, 

12  . 

ci, { i+2m_l, . . . , i+1 } , 

13. 

SO, { i  +  2m-l, . . .,  i+1}, 

14  . 

si, { i+2m-l , . . . , i+1 } , 

15  . 

CO, { i+2m, . . . , i+1} , 

16. 

SO, { i+2m, . . . , i+1}. 

17  . 

Cl, { i+2m, . . .,i+l}, 

CO 

r — 1 

SI, { i+2m, . . . , i+1 } , 

Table  2 


In  the  fig.  9, 


>0 


is  a  series  of  primery  selectors  illustrated  as  following 


§  4  .  TIME  COST  AND  NUMBER  OF  MODULES 

THEOREM  1  . 

The  time  cost  of  processing  a  sum  of  two  binary  number 
with  2m_1  bits  in  an  Add(m)  is  m  and  the  number  of  3-input 
modules  in  an  Add(m)  is  2m+1  +  (m-l)2m_1  -  2. 

PROOF . 

Prove  by  induction  on  m. 

Let  the  number  3-input  modules  of  an  Add(m)  be  N (m) .  it 
is  trivial  if  m=l .  And  assume  that 

N (m-1 ) =2m  +  (rn-2)2m_2  -  2. 

By  the  recurcive  construction  of  the  add,  we  have  that 
N(m)  =  2 {number  of  modules  in  Add (m-1)  +  number  of  primary 
selectors  in  m-th  level  selector} 

=  2N (m-1)  +  2 ( l+2m"2 ) 

=  2 [2m  +  (m-2) 2m“2  -  2]  +  2(1  +  2m"2) 

=  2ra+1  +  (m-1)  2m-'1  -2 

Assume  that  the  cost  of  processing  a  sum  of  binary 
numbers  with  2ra~2  bits  in  an  Add  (m-1)  is  m-1.  From  the 
structure  of  an  Add(m),  it  costs  only  one  more  time  unit  to 
pass  through  the  selectors  succeeding  the  Add (m-1)' s.  Thus 
the  time  cost  is  m  for  processing  a  sum  in  an  Add (m) 

### 

Let  be  the  least  integer  not  less  than  r.  It  is 

obvious  that  the  processing  of  a  sum  of  two  binary  numbers  of 


lengths  at  most  n  only  can  be  done  by  an  Add(m)  with 
m>  (log2nJ  +1.  Note  that  the  integer  n  might  not  be  a  power 

of  2 .  Let  n<2m_1 .  Thus  replacing  m-1  and  2m~1  by  |Tlog2n| 
and  2n,  respectively,  in  the  Theorem  1,  we  will  have  the 
following  corollaries . 

COROLLARY  2 . 

The  time  cost  of  processing  a  sum  of  two  binary  numbers 
of  lengths  n  is  at  most  J!,log2n'J  +1. 

COROLLARY  3 . 

The  number  of  3-input  modules  of  an  add  for  processing 
binary  inputs  of  length  n  is  at  most  2n(4  +  flog2n|  ) . 
REMARK . 

Since  there  is  no  carrier  before  the  first  bit  or  the 
carrier  before  the  first  bit  is  always  considered  as  zero, 
each  Add(m)  dealing  with  the  first  several  bits  don't  need  to 
have  the  wires  12,  14,  17  and  18  (see  fig.  9  and  table  2) . 
Thus  l+2m“2  primary  selectors  can  be  saved  in  the  m-th  level, 
and  one  primary  add  can  be  saved  in  the  first  level  of  such 
add.  By  considering  that,  the  numbers  of  3-input  modules  can 
be  reduced  to  2m+1  +  (m-2)2m_1  -  m-1.  That  is,  the  number  of 
3 -input-modules  in  an  add  for  processing  the  sum  of  two 
binary  inputs  of  length  n  is  at  most 

(2n-l)  (3+  flog2nj  ) +5 . 
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